The effective case depth (ECD) plays an important role in the meshing strength of internal gear transmissions. Carburizing quenching heat treatment is commonly used to enhance gear strength and wear resistance. However, the different ECDs in internal and external gears caused by heat treatment significantly affect the meshing strength, causing vibration, reducing gear service life, and hastening malfunction in internal gear transmission. In this study, we conducted an investigation of different ECDs by the heat treatment of carburized gear pairs by numerical simulation with the finite element method (FEM) and experiment tests. We analyzed three different carburized layer models, with the ECD in the internal gear being greater than, less than, and equal to the ECD in the external gear. In addition, we investigated the ability to distinguish between hardness gradients in gear teeth by dividing the carburized depth into seven layers to improve modeling accuracy. Results revealed that the meshing strength of internal gear transmission could be significantly enhanced by adopting the model with the ECD in the internal gear being less than the ECD in the external gear, and moreover, the shear stress of carburized gears initially increased and then decreased along with depth direction, and the maximum value appeared in the middle of the lower surface.
Introduction
With the overall development of science and technology, gear transmission has been progressively developed toward light weight, high load capacity, and low energy consumption. Carburizing and quenching heat treatment have been widely adopted to enhance gear strength and wear resistance. The use of a carburizing process in gear transmission systems is an important means of achieving a lightweight gear design because the carburized gear teeth usually acquire sufficient toughness, hardness, and wear resistance [1, 2] . It is well known that the increase of carburizing depth can improve the strength of gears and prevent failure. However, the increases in production and energy consumption may result from carburizing depths that are too large, which may lead to highdifficulty processes and the growth of the process cycle. ECD is closely related to the meshing strength and reliability of gears; thus, the design of an optimum ECD can not only improve the strength of gears but also avoid high cost and wasted energy.
Most current studies on carburized gears are limited to the theory of carburizing and quenching heat treatment and strength analysis for fatigue failure and rarely involve the accurate modeling and analysis of the effects of ECD on meshing strength of internal gear transmission. The distribution of hardness and shear stress under the tooth surface is closely related to the failure of internal gear transmission and thus has attracted significant attention from many researchers studying the evolution of shear stress in meshing gears. Li et al. [3] investigated different forms of failure of carburized gears using finite element (FE) simulation analysis by ANSYS; however, Li et al. [4] demonstrated that the modeling process and performance analysis of carburized gears were not detailed. Jiang [5] proposed a calculation method for maximum shear stress of gear contact surfaces and demonstrated that the most sensitive parameter of the largest stress is the maximum Hertz stress. Chen and Shao [6] proposed the mesh stiffness calculation method of external spur gear pairs based on applying the potential energy theory to the calculation of internal gear tooth deformation. Tang and Liu [7] proposed a new simulation method and built a loaded multitooth contact model to investigate the contact stress of face-gear drives, proving that the adoption of the FEM in analyzing contact stress of face-gear drives is reliable. Nevertheless, these methods cannot meet the requirement of comprehensive analysis of carburized gear strength.
The hardness and elastic modulus at each point on and inside the gear surface are different after carburization, such that a carburized gear can be regarded as a heterogeneous material [8, 9] . Thus, the strengths and shear stresses at different ECDs are nonlinear in gear meshing. Kim and Bae [10] studied gear deformation at different quenching temperatures during carburizing-quenching simulation and proposed process parameters for practical manufacturing. Sugimoto [11] investigated the distortion in axial contraction of a carburized-quenched helical gear. Rajesh et al. [12] analyzed load sharing and bending strength for altered toothsum gears in which the tooth-profile shift greatly affected performance. In these studies, however, the strength and failure analysis based on experimental testing was discussed, and the related processes are usually expensive and timeconsuming. Kim et al. [10] and Nojima et al. [13] proposed calculation methods for the ECD of carburized gears that, while involving only a few process parameters, did not analyze the strength of carburized gears.
From the publicly available literature, it is evident that work on the effects of ECD on meshing strength is limited, especially regarding internal gear transmission. Actually, the ECD has a great impact on the meshing strength, including not only the shear stress distribution but also the wear resistance, thus resulting in the possibility of meshing performance variation of the internal gear transmission [14, 15] . In this paper, we established an analytical calculation model for meshing shear stresses of an internal gear pair with a shifted tooth profile based on previous work [4, 16, 17] with consideration for the friction factor. The proposed model made it possible to reveal the effect of ECD on the meshing strength of an internal gear pair via the different ECDs achieved by heat treatment of a carburized gear pair made of 805M20 steel through numerical simulation using FEM and experiment. We analyzed three different carburized layer models, with the ECD of an internal gear being greater than, less than, and equal to the ECD in an external gear. We realized the distinguishing of hardness gradients in gear teeth by dividing the ECD into seven layers to improve the analysis accuracy. This paper is organized as follows. Reviews of the previous literature on gear ECD and the meshing strength calculation method were presented previously. Thus, in Section 2, an analytical meshing formulation of a carburized gear pair is derived, followed by the construction of an internal gear transmission model. The results and discussion of the investigation of the effect of ECD on the meshing strength of internal gear transmissions are presented in Section 3. Conclusions are drawn in Section 4.
Materials and Methods

Analytical Meshing Formulation of Carburized Gear.
The meshing strength performance of a gear is determined by the shear strength of the gear material and shear stress distribution under the tooth surface [18] . Reasonable selection of the depth of the carburizing layer can improve the strength and the rolling contact durability of powder metallurgical gears. The radius of curvature of the involute surface of the gear can be regarded as the radius of the cylinder when a pair of involute gears is engaged. Therefore, the contact problem of the two meshing teeth can be simplified as the contact problem of two cylinders. The meshing-tooth model is illustrated in Figure 1 (a) and the stress state under the contact surface is shown in Figure 1(b) , in which the vertical direction of the contact surface is the Z axis and the horizontal direction is the Y axis. The contact surface is affected by the normal load P, and the friction between the two contact surfaces is q.
The maximum contact stress max and the half-width of Hertz contact zone b can be expressed as follows:
where W is the load per unit length of gear teeth, 1 and 2 are the curvature radii at the contact point, E 1 and E 2 are Young's moduli, and V 1 and V 2 are Poisson's ratios.
In gear meshing, the carburized layer involves alternating shear stress. Spalling will occur when the shear stress exceeds the ultimate strength of the material [19] . By ignoring the friction, the stress at an arbitrary point under the gear surface can be calculated by the following formulas:
where b is the half-width of the Hertz contact zone and z the distance beneath the tooth surface. The maximum shear stress can be expressed as follows:
max takes the maximum value of xx , yy , and zz , and min takes the minimum value of xx , yy , and zz .
In practical engineering application, the calculation of gear-meshing strength analytically always can be achieved by considering the friction influence. In addition to the panel node, the rest of the meshing points experience both rolling and sliding. Therefore, the contact area simultaneously bears the normal force and tangential force [20] . According to Hertz theory [21] , the stress at an arbitrary point under the combined effect of normal pressure and shear stress can be calculated by the following formulas:
where f is the friction coefficient and V Poisson's ratio:
The formulas for the three principal stresses can be expressed as follows:
According to the third strength theory, the maximum shear stress value on the principal shear stress plane can be expressed as follows:
where 1 and 3 are the maximum and minimum algebraic values of the principal stress, respectively. On the basis of the Tresca criterion [22] , the relationship between the yield strength (YS) and the critical shear fracture stress has been described by Ashby and Jones [23] . The formula of the critical shear fracture stress can be written as follows:
where 0 is the critical fracture stress in MPa and y the yield stress in MPa.
Mathematical Problems in Engineering
The spalling failure of a gear is related to the loads, ECD, and hardness in the tooth heart [24] . Under certain assumptions concerning the loads, the crack that originates from the transition layer will cause deep spalling if the ECD is too shallow or the hardness in the tooth heart is low. When the hardness in the gear-tooth center meets the requirement of strength, the crack that originates from the hardness layer will cause shallow spalling if the defects exist in the structure of the hardness layer.
The junction between the hardness layer and tooth heart is a weak region [4] . To avoid spalling produced by the transition layer, it is essential to design a reasonable ECD. Ding and Rieger [25] indicated that the spalling failure of a gear is caused by orthonormal shear stress and proposed the conditions in which the hardness and transition layers do not produce spalling cracks:
where yz is the orthonormal shear stress, A( yz /HV) t is the extreme value in the transition layer, ( /HV) is the extreme value in the hardness layer, and ( /HV) lim is the limit amplitude. Some researchers [4, 26, 27] have indicated that the spalling failure of a gear is caused by the maximum shear stress and proposed that the ratio of the shear stress in the transition layer and the shear strength of the gear material should not be larger than 0.55, which is expressed as follows:
where is the ratio of the shear stress in the transition layer and shear-strength resistance, max is the maximum shear stress, and [ ] is a material property of the shear strength for gear. The depth of the hardness layer is an important technical index in the carburizing and quenching heat treatment of gears. Calculation of the depth of the hardness layer could be achieved analytically by regarding the gear teeth as nonuniform cantilever beams [28, 29] , which has been employed in previously published papers to give the recommended value of the depth of the hardness layer to prevent spalling failure based on the maximum shear stress caused by gear meshing. The formula [30] for calculating the minimum depth of the hardness layer at the pitch circles of the gear tooth can be expressed as follows:
where h e is the minimum depth of the hardness layer at the pitch circles, S c is the contact stress, is the pressure angle of the end surface of the pitch circle, d is the diameter of the pitch circle, is the base helix angle, U H is the hardening process coefficient, and C G is the transmission ratio coefficient. Temperature ( More detailed expressions of the empirical formula [31] for the depth of the hardness layer at each meshing point of the tooth surface can be derived and expressed as follows:
where t i is the thickness of each point of the carburized layer, ( outer ) is the carbon intensity of the gear surface, ( inner ) is the carbon intensity of the gear heart, (C i ) is the carbon intensity of each point of the carburized layer, T 1 is the torque of the driving gear, z 1 is the number of driving-gear teeth, and z 2 is the number of driven-gear teeth.
The empirical formula [31] for the calculation of the minimum depth of the carburized layer can be written as follows:
where t is the minimum depth of the carburized layer, a is the center distance of the gear pair, a t is the engaged angle of the gear transverse plane, max is the maximum contact stress, u is the gear transmission ratio, Hv is the Vickers hardness of the carburized layer of the gear surface in kg/mm 2 , h is the base helix angle, and "+" and "−" represent external meshing and internal meshing, respectively.
Internal Gear Transmission Model.
The complete diequenching process for a gear pair includes carburizing, die quenching, and air cooling. The complete technical curve is shown in Figure 2 . The gear pairs made of 805M20 steel were carburized in a double-ring hearth furnace consisting of carburizing and diffusion units. We applied load to the gear before the quenching process and removed load after the quenching process. To investigate the effects of ECD on the meshing strength of internal gear transmission, we devised three different carburized layer models, with the carburizedlayer depth in the internal gear being greater than, less than, and equal to the carburized-layer depth in the external gear. The hardness-gradient measurement was carried out by Vickers microhardness measurements after gear-tooth cutting. A 300-g load was used for the microhardness tests. The ECD was defined as the distance from the surface to the point at which the microhardness was 550 HV, and it was dependent on the carbon potential and the duration of the carburizing process [32] . The variation of hardness values with the carburized depth is shown in Figure 3 . We built three mechanical models, (1) EH, (2) IH, and (3) HH, corresponding to the ECD in the internal gear being greater than, less than, and equal to the ECD in the external gear, in the static strength tests. The ECDs in the three mechanical models are shown in Figure 4 .
Zhang et al. [22] described the physical relationship between hardness and strength and developed the correlations that allow for calculation of expected YSs from measured hardness. For a Vickers indenter, the relationship between hardness and strength through the pressure normal to the surface of the indenter tip can be calculated as follows:
where y is the yield stress (YS) in MPa, is the Vickers hardness of the carburized layer of the gear surface in kg/mm 2 , and is the ultimate tensile strength (UTS) in MPa. In this study, we calculated the mechanical properties of three different carburized-layer models using (27) and (28); the relationship between strength and carburized-layer depth is plotted in Figure 5 .
The parameters for external and internal gears are shown in Table 1 . Under normal circumstances, gear failure usually occurs in the gear teeth and rarely in a part of the hub. To achieve high calculation accuracy, the hexahedron element is used in the mesh of the FEM model. We used a geometric model of the external and internal gears to represent the entire gear pair. There were 817906 nodes and 806721 elements in the FE mesh, as shown in Figure 6 (a). We determined the hardness gradient in the gear teeth by dividing the carburized depth into seven layers, as shown in Figure 6 (b).
We devised three different carburized-layer models, with the ECD in the internal gear being greater than, less than, and equal to the ECD in the external gear. In addition, we determined the hardness gradient in the gear teeth by dividing the carburized depth into seven layers to improve the modeling accuracy.
Results and Discussion
In this study, we used three carburized gear-pair models (EH, IH, and HH models) for the static strength test. The external gear was fixed on a pedestal and the internal gear connected to a steel frame. The steel frame and a hydraulic drawing machine were connected flexibly through a steel cable; the piston of the hydraulic drawing machine was uniformly contracted in the cylinder, as shown in Figure 7 . We recorded the displacement curve of the piston and the force of hydraulic cylinder to achieve the strength of carburized gear pair. The variation of maximum strength with gear rotation angle is shown in Figure 8 .
The stress and displacement distribution of the carburized gear pair in any position can be achieved through transient analysis of the FEM models of the carburized gear pair using (1) to (19) . The maximum stress can be obtained by reading the maximum contact stress on the surface of the tooth root of the carburized gear using (1) . Furthermore, we calculated the maximum shear stress in the carburized layer and obtained the worst meshing point and corresponding meshing-gear number. The maximum shear stress value and the maximum stress on the principal shear stress plane can be calculated by (7) and (19), respectively. The calculations were conducted through the use of the platform of ABAQUS software. The displacement distribution of the external gear teeth at the maximum meshing strength of three different gear pairs is shown in Figure 9 .
The stress and displacement were zero at the beginning of engagement, but the stress increased significantly for the shock in the 24th pair of gear teeth and reduced with rotation. The maximum displacements in the EH, IH, and HH models were 1.594, 1.54, and 1.571 mm, respectively. The shear stress increased simultaneously upon engagement of a single tooth. Furthermore, the maximum shear stress was observed when the 24th pair of teeth meshed. By reading the maximum strength of the carburized gear-pair models, the variation of the maximum strength with gear rotation angle in the three models is shown in Figure 10 .
According to Figure 10 , the maximum strengths in the EH, IH, and HH models are 4322 N⋅m, 4609 N⋅m, and 4480 N⋅m, respectively. Thus, the highest strength of a carburized gear pair can be obtained when the carburized-layer depth in the internal gear is less than that in the external gear. The Mathematical Problems in Engineering maximum meshing strength predicted by the FEM is in good agreement with that determined from experiment. According to the von Mises criterion [33] , the ductility of the different carburized gear pairs can be achieved based on the ability of the gear to absorb deformation energy before the failure of the gear pair; the deformation energies of the three gear-pair models studied before failure are shown in Figure 11 .
In this study, we defined the ductility of different carburized gear pairs as the ratios of the total energy that the gear pairs can absorb before failure. For a volume of the gear pair of 3280 mm 3 , we calculated the total energy by integration of the torque by rotation angle. The total deformation energies in different models are represented by the dashed area in Figure 12 and the strength and ductility of the three carburized gear-pair models studied are given in Table 2 .
The strength and ductility of the IH gear-pair model are the highest of the three carburized gear-pair models studied. The results for the hardness gradients of the carburized gear pairs show that the meshing strength of internal gear transmission could be enhanced by adopting the IH gear-pair model with the ECD in the internal gear being less than the ECD in the external gear. The meshing strength performance of a gear is determined by the shear strength property of the gear material and shear stress distribution under the tooth surface. Selecting the IH gear-pair model, the shear stress and plastic strain of internal gear transmission are shown in Figure 12 .
It can be seen from Figure 12 that the shear stress and plastic strain values for the external gear are obviously higher than those for the internal gear in gear engagement and the ECD in the internal gear has a limited influence on the strength and ductility of internal gear transmission. With an increasing number of engaged gears, the external gear will fail earlier than the internal gear.
On the basis of the Tresca criterion [22] , we calculated the fracture stresses of the external gear in seven layers for the three mechanical models using (20) and the results are summarized in Table 3 .
The strength of the IH gear-pair model is the highest of the three carburized gear-pair models. Using the maximum shear stress value, the maximum shear stress in each hardness layer for the external gear is presented in Figure 13 . Figure 13 shows the maximum shear stress in each of seven hardness layers for the external gear and the speed sequence of the shear stress value in all seven layers that reaches the value of the fracture stress as follows: layer 4 > layer 3 > layer 7 > layer 5 > layer 6 > layer 2 > layer 1. Thus, the speed sequence of the shear stress value in all seven layers that reaches the value of the fracture stress indicates that the crack grows from the inside to the outside of the gear tooth. By selecting four points on the engaged tooth surface of the external gear in the IH model, the shear stresses on the engaged-tooth surface are shown in Figure 14 . Figure 14 shows the shear stresses on the engaged-tooth surface and that the growth sequence of the shear-stress value on the engaged tooth surface is P4 > P3 > P2 > P1, thus indicating that the crack grows from the middle to the sides of the gear-tooth surface.
Conclusions
We investigated the ECD of the internal carburized gear pairs using the FEM and experimental tests. We also analyzed three different carburized-layer models, with the ECD in the internal gear being greater than, less than, and equal to the ECD in the external gear. We derived the empirical formula for the calculation of the minimum depth of the carburized layer and then studied the specific process of establishing the FEM of a carburized gear pair. Finally, for the three carburized internal gear pairs studied, we performed numerical investigation of the meshing strength and compared the results with those of the experimental strength test. The following conclusions were drawn:
(1) The strength and ductility of the IH gear-pair model are the highest of the three carburized gear-pair models studied, and thus the ECD in the internal gear being less than the ECD in the external gear is the optimum configuration in the design of the carburizing process for internal gear transmissions.
(2) The meshing strength of internal gear transmission is significantly affected by the shear strength of the gear material and shear stress distribution under the tooth surface; the shear stress of carburized gears initially increases and then decreases along with depth direction, and the maximum value appears in the middle of the lower surface. Requests for data, 12 months after publication of this article, will be considered by the corresponding author (Zhongren Wang; wzrvision@hbuas.edu.cn).
